
GaAs–(Ga, Al)As double quantum rings: confinement and magnetic field effects

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

2008 J. Phys.: Condens. Matter 20 285215

(http://iopscience.iop.org/0953-8984/20/28/285215)

Download details:

IP Address: 129.252.86.83

The article was downloaded on 29/05/2010 at 13:32

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0953-8984/20/28
http://iopscience.iop.org/0953-8984
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


IOP PUBLISHING JOURNAL OF PHYSICS: CONDENSED MATTER

J. Phys.: Condens. Matter 20 (2008) 285215 (6pp) doi:10.1088/0953-8984/20/28/285215

GaAs–(Ga, Al)As double quantum rings:
confinement and magnetic field effects
F J Culchac1,2, N Porras-Montenegro1,3 and A Latgé2
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Abstract
Here we address a theoretical study of concentric GaAs–(Ga, Al)As double quantum rings,
under a magnetic field applied perpendicularly to the ring plane. Electron–hole transition
energies are calculated as a function of the system geometry confinement, following a
single-particle picture, neglecting interaction effects. We adopted an effective-mass
approximation, within a hard potential model calculation, exactly solved by using confluent
hypergeometric functions. A huge dependence on the barrier width value and on the external
ring width of the Ga1−x Alx As coupled rings is found for the transition energy values. The
results show a high competition between geometric and magnetic-field confinement, leading to
an increase of the electron–hole energies with the magnetic field, and a reducing behavior as the
outer ring width is assumed to be larger. Our results are in quite good agreement with the
experimental data by Mano et al (2005 Nano Lett. 5 425).

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Optical and transport properties in semiconductor low
dimensional systems crucially depend on the quantum
confinement suffered by the charge carriers in the structures.
This has been a challenge, due to the novel physics properties
and their potential technological application. Nanostructures
like quantum wells (QWs), well wires (QWWs), dots (QDs)
and rings (QRs) have been growth by several methods, such
as self-assembly techniques. QDs, for instance, have been
theoretically studied taking into account one and several
electrons confined, and under different probes such as applied
electric and magnetic fields [1]. The effects of the geometric
confinement on the exciton binding energy, the electron–hole
separation and the linear optical properties have been some of
the physical properties investigated [2]. A great difference
between quantum rings and dots is concerned with their
topology due to the central hole of the former. More explicitly,
a QR offers the possibility of trapping a magnetic flux in
its interior, allowing new interesting quantum phenomena,
such as the Aharonov–Bohm (AB) effects [3]. Anisotropic
rings are also studied in the presence of external fields [4, 5].

Different spectroscopic techniques have been used to examine
the ground and excited states of confined electrons in QRs.
Important reported evidence is the occurrence of a transition in
the electron ground state from angular momentum l = 0 to −1,
when a magnetic field is applied in the interior of the ring [6, 7].
Considering Coulomb correlations, the excitonic AB effect
exists in finite ring width. When the ring width becomes
large the AB effects are suppressed [8]. Concentric double
quantum rings (DQRs) have also been considered as a natural
candidate for exhibiting interesting physical responses [9, 10].
Mano et al [11, 12] reported growth results of GaAs–
GaAlAs DQRs by adopting droplet-epitaxial techniques and
micro-photoluminescence measurements. They were able to
determine the electronic structure and the electron–heavy-
hole optical transitions, in the absence of magnetic fields.
Model calculations based on parabolic confinement potentials
and exact diagonalization techniques were addressed to study
the quantum confined double ring structures under applied
magnetic fields [13]. Modifications of the periodicity of
the Aharonov–Bohm oscillations were predicted. Interesting
studies on excitons in ideal double quantum ring systems under
magnetic fluxes lead one to address the possibility of switching
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between bright exciton ground states and novel dark states
with nearly infinite lifetimes [14]. Climente et al [15], using
the local spin density approximation, found that the energy
structure in the low lying energy states is essentially modulated
by the inter-ring barrier distance, and the energy structure is
essentially that of an isolated SQR. Quite recently, the effects
of Coulomb impurities in the Aharonov–Bohm effects in these
DQR structures have also been addressed [16].

Motivated by presenting a simple theoretical description
of the main experimental data [11] on DQRs we report
here a theoretical analysis of the effects of the geometry
and magnetic confinement on the electron, light- and heavy-
hole ground-state energies in concentric GaAs–Ga0.7Al0.3As
double quantum rings. Rather than using a parabolic
potential [13] as used previously to describe the particle
(electron and hole) confinements, we adopt a hard potential
which is more adequate to describe the experimental potential
profile of the annular structure grown by Mano’s group [11].
Electron–heavy- and light-hole transition energies in QRs are
also discussed. We believe that these new nanostructured
ring materials are particular suitable to exhibit interesting
quantum size phenomena due to the robust electron and hole
confinements in such circular geometries, that may be even
enhanced as a function of the particular characteristic lengths
presented. One example should be the increasing of optical
transition channels allowed by the great number of quantum
states. We may also wonder about challenging applications
as a consequence of multiple periods of the Aharonov–Bohm
oscillations.

2. Theory

We consider a concentric GaAs–Ga0.7Al0.3As DQR, composed
of an internal ring with radii ρA and ρB, an external one with
radii ρC and ρD , and a confinement length H in the z-direction,
subjected to a magnetic field perpendicular to the plane of the
ring. The Hamiltonian of an electron in the effective-mass
approximation is written as

H = 1

2m∗
e

(P + eA/c)2 + V (ρ, z), (1)

where m∗
e is the electron effective mass, A is the vector

potential of the magnetic field, and V (ρ, z) is the confinement
potential in the radial and z-direction. For a uniform magnetic
field the vector potential can be written as A(ρ) = 1/2Bxρ,
with B = B êz , whose components in cylindrical coordinates
become Aρ = Az = 0 and Aφ = 1/2Bρ. The finite radial
confinement potential is given by

Vb(ρ) = Vc ρ < ρA, ρB < ρ < ρc, and ρ > ρD

Vb(ρ) = 0 ρA < ρ < ρB and ρC < ρ < ρD,

(2)

while in the z-direction V (z) = Vc for |z| � H/2, and
zero elsewhere. The Schrodinger equation may be written in
cylindrical coordinates as
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with ωc = eB/m∗
ec being the electron cyclotron frequency.

For the light- and heavy-hole carriers, the same Hamiltonian
is used but considering the respective effective masses and
charge signs. Electron and hole eigenvalue problems are solved
in detail in [18]. Due to the axial symmetry one gets a
confluent hypergeometric equation for the radial part of the
wavefunction,

xω′′
n,l(x) + (b − x)ω′

n,l(x) − aωn,l(x) = 0 (4)

with x = m∗wcρ
2/2h̄, a = |l|/2+1/2+l/2− E/h̄ωc and b =

|l|+1, n and l being the main and angular momentum numbers,
respectively. The solution of equation (4) is given by a linear
combination of confluent hypergeometric functions [18]

wn,l(x) = AFn,l(a, b, x) + BUn,l(a, b, x). (5)

In what follows, we have considered the conduction and
valence band edges as the reference levels for the electron and
hole energies, respectively, and have considered the case of
n = 0. In the calculation of the transition energies we use

Ei j = EGaAs
g + |EC

i | + |E V
j |, (6)

with EGaAs
g being the GaAs band gap energy (1.5194 eV)

and EC
i and E V

j the electron and hole energies, respectively,
regarding to the corresponding band edges. The electron GaAs
effective mass is taken as 0.067 m0, and the corresponding
light-and heavy-hole masses [11, 17] as 0.082 m0 and 0.51 m0,
respectively.

With the purpose of investigating the effects of the
geometrical details of the double ring nanostructures on the
energy spectra, we consider different width values for the
internal and external rings, LA = ρB − ρA and LC = ρD − ρC,
respectively, and also for the barrier width, LB = ρC − ρB.
On the other hand, fixed values for the internal radius (ρA =
20 nm) and width H (4 nm in the z-direction) have been
considered for all DQRs studied. The choices of the DQR size
parameters have been guided by self-assembled rings grown by
the epitaxial method [11].

3. Results and discussion

To analyze the effects of magnetic and confinement effects on
the energy spectrum of DQRs it is important to visualize how
the energy for each angular momentum, l, evolves with the
intensity of the magnetic field. This is illustrated in figure 1,
for l = −4,−3, . . . , 3, 4, for electrons (top panel) and heavy
and light holes (middle and bottom panels, respectively). One
clearly notices that, similarly to the case of a single quantum
ring [19], as the magnetic field is turned on, the angular
momentum of the particle ground state changes from l = 0,
in the null field case, to different values of l of which the
signal depends on the particle nature (electron or holes) and
field values, as expected.

Electron energies of GaAs–Ga0.7Al0.3As DQRs as a
function of the outer ring width (LC) are shown in figure 2,
for different magnetic field intensities: B = 0 in symbols, 5 T
in solid lines, and B = 10 T in thin lines. Two groups of
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Figure 1. Energy spectra of (a) electron, (b) light hole and (c) heavy
hole as functions of the magnetic field for a GaAs–Ga0.7Al0.3As
DQR with LA = LC = 10 nm, LB = 5 nm, and for angular
momentum l varying from −4 to 4.

DQR structures are considered, regarding the intensity of the
tunnel coupling regime: those rings strongly coupled with a
thin barrier width LB = 1 nm shown in figure 2(a) and those
belonging to a weak regime with LB = 5 nm, figure 2(b). We
have presented results for different angular momenta. The role
played by the geometric and magnetic confinements, and their
competition, is quite apparent.

One may notice that for zero magnetic field, B = 0 T, all
energies are l degenerate and the ground state corresponds to
n = l = 0, independent of the sizes of the DQRs. For LC

equal to or smaller than the inner ring (10 nm), the electron is
confined in the inner ring and the l = 0 ground-state energy
is quite close to that of a particle in a single QR. On the
other hand, when the outer ring width is larger than the width
of the inner one, the probability of finding the carrier in the
external ring increases, and its energy diminishes. When a
magnetic field is turned on, the extra confinement due to the
cyclotron radius leads to an energy increase. As a consequence,
one may expect an increasing in the critical outer-ring-width

Figure 2. Electron energies of GaAs–Ga0.7Al0.3As DQRs as a
function of the outer ring width for different magnetic fields: symbol
curves are for null field, bold and thin lines are for B = 5 and 10 T,
respectively. The internal ring length is LA = 10 nm and the barrier
width, LB, is (a) 1 nm and (b) 5 nm.

value for which the state from the inner to the external ring
takes place. This fact may be seen in figure 2(b) (bold lines)
in the case of B = 5 T and weak tunnel coupling regime,
for which the electron is located in the inner ring for LC

up to 10–12 nm, depending on the angular momentum. For
B = 5 T the fundamental energy corresponds to an l = −2
state whenever LC < LA (LB = 5 nm). However, for DQRs
with outer ring length LC > LA, lower l values are found
for the electron ground state. For higher magnetic fields the
particle is confined in the inner ring and the energy no longer
depends on the size of the external ring. For the strong tunnel
coupling regime, LB = 1 nm, the particle tunnels more easily
to the external ring and the probabilities of finding it in each
ring are approximately the same. The energy increases with
the magnetic field, but diminishes with the width of the outer
ring for different angular momenta and null field. In the high
magnetic field regime (B = 10 T), the electron energy is found
to be identical to the result of a single quantum ring, and does
not depend on the size of the external ring. However, in this
magnetic confinement range, the energy associated with each
one of the angular momenta is much more spread out for a
narrow barrier than in the case of LB = 5 nm, presenting also
lower l-dependent energies.

To highlight the role played by the DQR barrier width in
the determination of the electron energies we show explicitly
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Figure 3. GaAs–Ga0.7Al0.3As DQR electron energy spectra for
l = −4,−3, −2,−1 and 0, as a function of the barrier width and for
null field (upper panel) and B = 5 and 10 T (middle and low panel,
respectively). Symbol curves are for LA = 10 nm and LC = 15 nm
while continuous lines are for LA = LC = 10 nm.

in figure 3 the energy results as functions of the barrier size,
for symmetric (LA = LC, continuous lines) and asymmetric
(LA < LC, closed symbols) coupled ring structures. Different
values of magnetic field are considered in the figures. For
higher field values and increasing values of the barrier width,
both the symmetric and asymmetric structures tend to the same
energy values, for each one of the considered angular momenta
l, as evidence of the strong magnetic confinement compared to
the geometrical one. This is not the case for zero field, when
a considerable energy difference is exhibited, for all l values
and barrier widths. For intermediate B values one clearly
gets competition between the confinement effects together with
crossing between the curves belonging to different angular
momenta, indicating that the ground state is quite dependent on
the characteristic sizes of the double ring structure. Although
our work is concerned with a single-particle approximation,
our results for B = 0 coincide qualitatively well with those of
a local spin density approximation study [15], where the energy
spectrum is greatly modulated by the inter-ring distances
(barrier).

A visualization of the electronic wavefunction within the
ring structures helps one to understand the behavior of the

Figure 4. Probability amplitude of the electron state with l = 0 in a
(a) symmetric (LA = LC) and an (b) asymmetric (LA < LC) QDR
for different magnetic fields. In both presented rings ρA = 20 nm,
LA = 10 nm, LB = 1 nm, and the outer well widths are 10 and
15 nm in (a) and (b), respectively.

energy spectra. Two examples are displayed in figure 4
corresponding to GaAs–Ga0.7Al0.3As DQRs with ρA = 20 nm,
LA = 10 nm, LB = 1 nm, and (a) LC = 10 nm and (b) LC =
15 nm. For the symmetric ring example (figure 4(a)), as the
magnetic field increases the behavior of the carrier energy is
similar to the corresponding single quantum ring energy. For
the asymmetric case and B = 0 T, the probability density
of the electron is higher in the wider ring than in the inner
one, and the energy is approximately equal to that in a single
ring of 15 nm in width. For increasing magnetic fields, it
increases in the inner ring and in the limit of high magnetic
confinement (B = 10 T) the charge distribution looks quite
similar for symmetric and asymmetric DQRs, both exhibiting
an electron localization in the internal ring. Consequently the
carrier energies, for this particular l = 0 angular momentum,
goes to the same value, as shown in figure 3. Of course, this
is not a general result and depends on the coupling between
the rings, given essentially by the barrier characteristic lengths
and the diamagnetic confinement. Further, the dependence of
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Figure 5. Heavy-hole energies of GaAs–Ga0.7Al0.3As DQRs for
different angular momentum values (from 0 to 4), as a function of the
width of the outer ring for null magnetic field (symbols) and B = 5 T
(continuous curves), and barrier width of (a) 1 nm and (b) 5 nm.

the probability distribution on the angular momentum l, in the
symmetric coupled ring structure, is shown in figure 4(c), for
B = 5 T. One knows from figure 2 that for this structure and
B value the ground state corresponds to l = −2. Actually,
the corresponding electronic distribution is quite similar to the
case of l = 0, but as l increases one clearly notices that the
carrier may be also localized at the external ring.

To get the energy transitions from light- and heavy-hole
states to the electronic one, we also calculate the corresponding
hole states. The behaviors of the light-hole and electron energy
spectra are quite similar due to the similarities of their effective
masses. Results for the heavy-hole energy as a function of the
outer ring width are shown in figure 5 for null field (symbols)
and B = 5 T (bold lines).

Due to its larger effective mass, the heavy hole is more
confined than the light one. The corresponding energies do
not exhibit a noticeable variation with the size of the outer
ring until it reaches a value greater than the internal ring, even
for reduced between barrier width (LB = 1 nm). The result
reinforces the great localization nature of these carriers in the
region of the inner ring. For configurations with LC > LA,
the energies for all angular momenta considered start to drop.
In the last case the heavy-hole probability amplitude extends
in both the inner and outer rings, leading to a clear energy
reduction as previously reported [15].

Figure 6. Light-hole–electron transition energies for n = 0 and
l = 0 (E0–HL0) and n = 1 and l = 0 (E1–HL1) of a
GaAs–Ga0.7Al0.3As DQR as a function of the width LC of the
outer ring for null magnetic field and barrier width equal to 5 nm
(solid lines) and 1 nm (dotted lines).

Figure 7. Heavy-hole–electron transition energies for n = 0 and
l = 0 (E0–HL0) and n = 1 and l = 0 (E1–HL1) of a
GaAs–Ga0.7Al0.3As DQR as a function of the width LC of the
outer ring for null magnetic field and barrier width equal to 5 nm
(solid lines) and 1 nm (dotted lines).

Electron–hole transition energies are then calculated
taking the case of null magnetic field and the states
corresponding to n = l = 0, and n = 1 (second radial
eigenvalue) and l = 0, named E0–HH0 and E1–HH1 and E0–
LH0 and E1–LH1, for heavy and light holes, respectively.
The results are shown in figures 6 and 7, as functions of the
outer ring width. Two different values of the between barrier
width, 5 and 1 nm, are considered. We have not presented
the case of finite magnetic fields due to the complex changes
in the angular momentum values as a function of the ring
widths. A smaller barrier width contributes significantly to
smooth the dependence of the transition energy value with
the outer ring width due to the higher possibility of sweeping
the material within both rings. Large barriers, as pointed out
before, induce higher carrier localization within the inner ring.
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As expected, the decreasing of the transition energies with
the outer ring width follows the same trend as the electron
and hole energies with these variations. A value of 1.69 eV
for the electron–heavy hole transition energy has been found,
for B = 0 (see figure 7), quite close to the experimental
measurements reported by Mano [11], concerning a DQR
system with approximately the same size [20] (LA = LC =
10 nm, and LB = 5 nm).

One should notice that for outer ring widths between 10
and 12 nm, and for barrier widths in the range 1–5 nm, the
E0–HH0 and E1–HH1 transition energies are between 1.68
and 1.7 meV, as indicated by the circle in figure 7. As
previously reported [11], the main photoluminescence peaks
corresponding to the electron–heavy-hole transitions are found
in this energy range, more explicitly at 1.68 and 1.69 meV,
associated with the E0–HH0 and E1–HH1 optical transitions.
It can be observed that for symmetric rings, LA = LC = 10 nm
and LB = 5 nm, the E0–HH0 and E1–HH1 transition energies
are very close, separated by approximately 1.5 meV, while
for LC = 12 nm the blue-shift in the transition energy is
about 9.6 meV, reaching a value closer to the reported E1–HH1
energy transition, always in good agreement with experimental
data [11]. Besides the neglected exciton interaction of our
model calculation, the small differences with the experimental
data may be related to the fact that the exact dimensions
of the DQRs, such as the radii and height of the rings, are
just approximately known. Actually, other possible electron-
heavy- and light-hole recombination may be associated with
further features in experimental data. For a proper calculation
of inter-band absorption spectra a detailed analysis of the
selection rules satisfied by the angular momentum must be
considered [14]. As a consequence of the manifold quantum
states provide by the enriched geometry of DQRs, a series
of new findings in these nanostructures should be expected to
have optical and transport applications.

Summing up, the present study on GaAs–(Ga, Al)As
DQRs shows clearly the importance the characteristic
geometric aspects of the nanostructured system (barrier and
ring lengths) have in determining the energy spectra of the
structures, fundamental for tuning desired resonances. The role
of the barrier width and the difference between the widths of
the inner and outer ring was found to be of crucial importance
in determining the DQR spectra. Unequivocally, it was
possible to identify the high competition between geometric
and magnetic-field confinements. At high magnetic fields
the electron–hole recombination is mainly present between

the two particles localized in the inner ring of the DQR. Of
course, for a better quantitative analysis one should incorporate
excitonic effects. Nevertheless, our present results for the
electron–heavy-hole transition energies are in qualitatively
good agreement with experimental data [11].
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